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Abstract
Under a weak assumption of the existence of a geodesic null congruence, we present the
general solution of the Einstein field equations in three dimensions with any value of the cos-
mological constant, admitting an aligned null matter field, and also gyratons (a matter field in
the form of a null dust with an additional internal spin). The general local solution consists of
the expanding Robinson–Trautman class and the non-expanding Kundt class. The gyratonic
solutions reduce to spacetimes with a pure radiation matter field when the spin is set to zero.
Without matter fields, we obtain new forms of the maximally symmetric vacuum solutions.
We discuss these complete classes of solutions and their various subclasses. In particular, we
identify the gravitational field of an arbitrarily accelerating source (the Kinnersley photon
rocket, which reduces to a Vaidya-type non-moving object) in the Robinson–Trautman class,
and pp-waves, vanishing scalar invariants (VSI) spacetimes, and constant scalar invariants
(CSI) spacetimes in the Kundt class.
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1 Introduction
Classical general relativity has passed all the experimental and observational tests so far. Nev-
ertheless, its inadequateness to fully describe our universe has been proven by the celebrated
singularity theorems already in the 1970s [1, 2] and recently generalized to low-regularity geome-
tries [3–5]. According to them, curvature singularities appearing in many exact solutions, such
as the Schwarzschild black-hole or Friedmann–Lemaˆıtre–Robertson–Walker cosmological models,
are not specific consequences of their highly symmetric nature, but are quite natural in generic
solutions. In such ultra high-curvature regions near the Big Bang or deep inside black holes, the
classical Einstein’s field equations are no more valid and quantum effects should dominate. There-
fore, quantum theory of gravity is required to describe the whole universe in a seamless manner,
which is one of the most important unsolved problems in modern physics.
Such a theory of quantum gravity governs the wave function of the spacetime which encodes
all the possible topological configurations of the classical solutions. Classically, the Einstein equa-
tions determine the spacetime locally, while the topological degrees of freedom are reflected in the
domains of coordinates. Indeed, one can construct globally different geometries from locally iden-
tical spacetimes by different ways of identification. In four and higher dimensions, the number of
independent components of the Riemann tensor is larger than those of the Ricci tensor [6], which
allows different solutions in vacuum distinct from Minkowski (such as the famous Schwarzschild or
Kerr black hole). One of the difficulties of quantum gravity is the fact that both local dynamical
degrees of freedom and global topological degrees of freedom come into play simultaneously.
In this regard, 3-dimensional spacetimes are drastically different because the numbers of the
independent components of the Riemann tensor and the Ricci tensor are equal. Hence, the Ricci
tensor governed by the Einstein equations completely determines the spacetime curvature locally.
In other words, there is no dynamical degree of freedom in three spacetime dimensions. Conse-
quently, the general vacuum solution of Einstein’s equations is the maximally symmetric space-
time, namely Minkowski, de Sitter (dS), or anti-de Sitter (AdS) for zero, positive, or negative
cosmological constant Λ, respectively.
For this reason of local triviality, 3-dimensional general relativity has attracted much attention
as a classroom to study how to handle the global and topological degrees of freedom in the context
of quantum gravity [7]. Many explicit exact classical solutions have been recently summarized and
classified in a comprehensive monograph [8]. In particular, in the presence of a negative Λ, the
classical theory admits a black-hole configuration with horizons given by nontrivial identifications,
even though the spacetime is locally AdS [9, 10]. This so-called BTZ black hole shares similar
properties to the standard Kerr–AdS black hole in four dimensions, and has been intensively
investigated to reveal the quantum aspects of black holes. The BTZ black hole has been generalized
to the presence of the Maxwell field [11] and with a null dust fluid (pure radiation) [12], which
represent a charged black hole and formation of a black hole, respectively. However, it is still
not clear if these are all possible solutions in such non-vacuum systems. To obtain more general
classical solutions may bring us many insights regarding quantum gravity in the presence of matter.
The topic of the present paper is along this direction of research. Indeed, we present here the most
general solution of the Einstein equations with a cosmological constant Λ and some kind of matter
fields in three dimensions, under only a few weak assumptions.
Specifically, in section 2.1, we prove that (virtually) all D = 3 Lorentzian geometries belong
either to the family of Robinson–Trautman spacetimes or to the family of Kundt spacetimes.
Appendix A contains the Christoffel symbols and all components of the Riemann and Ricci tensors
for such a general metric. In appendices B and C, we systematically integrate the Einstein field
equations for both the disjunct Robinson–Trautman and Kundt families, respectively. The matter
content we consider in section 2.3 is the mixture of an aligned pure radiation1 and a gyratonic field
(null matter with internal spin/helicity). The most general solutions are summarized and described
in sections 3 and 4, respectively. These are 3-dimensional counterparts of the classic Robinson–
Trautman solutions [14,15] and the Kundt solutions [16] in four dimensions. In D = 4, they form
1The general solution with a timelike dust fluid was obtained in [13].
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two huge classes of exact solutions containing, as special cases, many spacetimes, in particular
various highly symmetric backgrounds, black holes, accelerated sources, exact gravitational waves,
and their combinations. (See [17, 18] for a review.)
Interestingly, in higher dimensions D > 4, the Robinson–Trautman solutions are more con-
strained [19, 20] so that they basically reduce to highly symmetric and well-known solutions such
as the generalizations of the Schwarzschild, Reissner–Nordstro¨m, and Vaidya solutions (however,
for p-form fields, there are some interesting nontrivial solutions [21]). The large complementary
Kundt class of solutions in higher dimensions was presented in [22]. As we will show here, the
Robinson–Trautman solutions in D = 3 are less restrictive, in contrast to D ≥ 4. And, surpris-
ingly, we can write down the general solution of the Einstein equations in a closed form starting
from only weak assumptions.
2 All geometries in 2+1 dimensions
Let us consider a general 3-dimensional Lorentzian spacetime (M, g) with the metric signature
(−++). For the curvature tensors, we shall adopt the convention [∇a,∇b]V c = RcdabV d and
Rab = R
c
acb, and we choose the units such that c = 1 = G.
2.1 Uniqueness of Robinson–Trautman and Kundt metrics
Consider an arbitrary null vector field k. At any point we can set up a triad eI ≡ {k, l, m} of
two null vectors, namely k · k = 0 = l · l, and one spatial vector m orthogonal to both k and l
(k ·m = 0 = l ·m), normalized as
k · l = −1 , m ·m = 1 . (1)
With respect to this triad, the covariant derivative of the vector field k can be decomposed as [23]
ka;b = Kll kakb +Klk kalb −Klm kamb −Kmlmakb −Kmkmalb +Kmmmamb , (2)
where the scalar coefficients KIJ are defined by KIJ ≡ ka;b eaIebJ . Notice that the terms in (2) with
Kkk, Kkl, and Kkm are zero due to the constant (null) norm of the vector k implying ka;b k
a = 0.
To characterize properties of the null congruence generated by k we employ the 2+1 analogy
of classic optical scalars (twist, shear, expansion) encoded in the optical matrix ρ defined as
ρ ≡ Kmm = ka;bmamb . (3)
(See [23] for more details.) Recall that these optical scalars have an invariant meaning (in the
sense that they are independent of the choice of the vectors l and m of the triad eI) only if the
null vector field k is geodesic, that is ka;b k
b ∝ ka. In such a case, the decomposition (2) further
simplifies since
Kmk ≡ ka;bmakb = 0 . (4)
Now, as a unique property of spacetimes in D = 3, the optical matrix ρ is simply of rank 1× 1,
i.e., it degenerates to a single scalar function. Consequently, both its antisymmetric part (twist)
and symmetric traceless part (shear) trivially vanish. Any 2+1 geometry is thus necessarily twist-
free and shear-free, with respect to the geodesic field k. The only possibly non-trivial optical scalar
is expansion Θ ≡ ρ. By these arguments, we have proved the following uniqueness theorem:2
Theorem 1: The only possible 3-dimensional Lorentzian geometries admitting a geodesic null
vector field are either expanding geometries of the Robinson–Trautman type (with Θ 6= 0) or non-
expanding geometries of the Kundt type (with Θ = 0). They are necessarily twist-free and shear-
free.
2This observation was already made in 2010 by Chow, Pope and Sezgin [24].
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Interestingly, for 2+1 geometries, the single assumption on geodesicity3 of the null congruence
generated by the field k is a necessary and sufficient condition for such a congruence to be (locally)
orthogonal to a family of null hypersurfaces u = const. To prove this statement, we employ the
Frobenius’s theorem in the form
k[a;bkc] = 0 ⇔ ka ∝ u,a . (5)
(See Eq. (2.45) in [17].) In terms of the decomposition (2), the left-hand side of the theorem (5)
reduces to Kmkm[albkc] = 0. This implies Kmk = 0, that is geodesicity because (2) gives
ka;b k
b = −Klk ka +Kmkma = −Klk ka (6)
due to (4). To summarize:
Theorem 2: A null vector field in any 3-dimensional Lorentzian geometry is geodesic if, and only
if, it is hypersurface-orthogonal.
Let us emphasize that this statement is not true in dimensions D > 3 because antisymmetric
part of the optical matrix (twist) is then also involved [17, 23].
Remark: A geodesic null vector field k can (locally) be constructed in any “reasonable” D = 3
Lorentzian geometry. Indeed, it is possible to take a 2-dimensional spatial surface Σ, at fixed
initial time, and an arbitrary null vector at its single point P ∈ Σ. This vector can be Lie-dragged
along arbitrary spatial coordinates of the surface, forming thus a vector field on Σ. Taking all
these null vectors on Σ as “initial data”, one generates a congruence of null geodesics (due to
standard existence theorem for ordinary differential equations yielding geodesics). Their tangent
vectors everywhere in the spacetime domain form a geodesic null vector field.
2.2 Canonical coordinates
These two theorems combined together allow us to construct convenient canonical coordinates for
all D = 3 spacetimes admitting a geodesic null vector field k. Due to Theorem 2, these spacetimes
are always foliated by a family of null hypersurfaces u = const. (such that ka ∝ u,a), and we
naturally choose the coordinate u to label them smoothly. Without loss of generality we may
also assume that the congruence of null geodesics generated by k is affinely parametrized by a
parameter r, and ka = −u,a. We choose the affine parameter r along the congruence as the second
coordinate on the manifold. The remaining spatial coordinate, denoted as x, then span the 1-
dimensional “transverse” subspace with constant u and r. On any null hypersurface given by
fixed u, the coordinate x is chosen to be constant along each null geodesic generated by k, i.e.,
k = ∂r with k
a = gabkb = −gabu,b = −gau. In such canonical coordinates (r, u, x), the specific
contravariant metric components gab thus must have the form guu = 0, gxu = 0, and gru = −1.
The only non-vanishing contravariant metric components are gxx, grx, grr, and gru = −1. By
inverting the matrix gab we obtain the following nontrivial metric components:
gxx = 1/g
xx , gur = −1 , gux = gxx grx , guu = −grr + gxx (grx)2 . (7)
Consequently, we have proved the following:
Theorem 3: All 3-dimensional Lorentzian geometries admitting a geodesic null vector field k can
be parametrized by canonical coordinates {r, u, x} in which the metric takes the form
ds2 = gxx(r, u, x) dx
2 + 2 gux(r, u, x) du dx− 2 du dr + guu(r, u, x) du2 , (8)
3Even this weak assumption seems to be superficial. See Remark at the end of this section.
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and in which k = ∂r holds.
In these canonical coordinates, we can now explicitly express the null triad frame {k, l, m}
introduced in Eq. (1). The most natural choice is
k = ∂r , l =
1
2 guu ∂r + ∂u , m = m
x
(
gux ∂r + ∂x
)
, (9)
where mx = 1/
√
gxx to satisfy the normalization condition m ·m = 1. It is noted that l and m
are not geodesics in general. A direct calculation for the metric (8) immediately shows that the
covariant derivative of k is ka;b = Γ
u
ab =
1
2gab,r. In particular, kr;b = 0 = ka;r holds. Explicit form
of the expansion scalar thus becomes
Θ = ρ = kx;xm
xmx =
gxx,r
2 gxx
, (10)
implying the relation
gxx,r = 2Θ gxx . (11)
The Christoffel symbols and all coordinate components of the Riemann and Ricci curvature
tensors for the general metric (8) are calculated, using Eq. (11), in Appendix A.
Moreover, the expression (11) can be integrated as
gxx = R
2(r, u, x)hxx(u, x) , where R = exp
( ∫
Θ(r, u, x) dr
)
. (12)
The generic case Θ 6= 0 gives the expanding Robinson–Trautman class. When the expansion
vanishes, Θ = 0, this effectively reduces to R = 1 so that the spatial metric gxx(u, x) is independent
of the coordinate r. It yields exactly the Kundt class of non-expanding, twist-free and shear-free
geometries [17, 18, 22, 23]. These results can be summarized as:
Theorem 4: All geometries of Theorem 3 split into two distinct classes. The first one is the
Robinson–Trautman class of metrics for which the geodesic null vector field k = ∂r is expanding,
Θ 6= 0, while the second one is the non-expanding Kundt class, Θ = 0. For the Kundt class, the
metric coefficient gxx(u, x) in the canonical coordinates (8) is independent of the affine parameter r,
while for the Robinson–Trautman subclass, gxx(r, u, x) is given by Eq. (12) in terms of Θ.
2.3 Einstein’s field equations: Λ-vacuum, pure radiation, or gyratons
Having thus identified all 3-dimensional Lorentzian geometries (admitting a geodesic null vector
field), we can now apply the field equations. Einstein’s equations for the metric gab have the form
Rab − 12Rgab + Λ gab = 8π Tab, where a non-vanishing cosmological constant Λ is admitted, and
an arbitrary matter field is given by its energy momentum-tensor Tab with the trace T ≡ gab Tab.
By substituting their trace R = 2(3Λ− 8π T ) we obtain
Rab = 2Λ gab + 8π
(
Tab − T gab
)
. (13)
Our main aim here is to completely integrate the field equations (13) for the most general
metric (8), in both subcases of expanding Robinson–Trautman spacetimes and non-expanding
Kundt spacetimes. We will assume a null radiation matter field aligned with the geodesic null
congruence generated by k = ∂r . In addition, we will also admit a gyratonic matter, which is a
generalization of the null radiation field to include a spin of the null source [25–27].
Specifically, we will assume that the only non-vanishing components of the energy-momen-
tum tensor Tab are Tuu, corresponding to the classical null radiation component, and Tux, which
encodes the inner gyratonic angular momentum. These can be functions of all coordinates:
Tuu(r, u, x) , Tux(r, u, x) . (14)
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We immediately observe from Eq. (8) that the trace of such an energy-momentum tensor vanishes,
T = 0 ⇒ R = 6Λ . (15)
Moreover, the conservation of energy-momentum Tab;c g
bc = 0 (which follows from the simplified
Bianchi identities Rab
;b = 0) yields the constraints
Tax;x g
xx + (Tar;x + Tax;r) g
rx + Tar;r g
rr − Tar;u − Tau;r = 0 . (16)
Using the Christoffel symbols (A1)–(A16), the non-vanishing terms Tab;c entering Eq. (16) are
Txx;x = −2Θ gxx Tux , (17)
Tux;x = Tux,x + (Θ g
rxgxx − 12gux,r − 12gxxgxx,x)Tux −Θ gxx Tuu , (18)
Tur;x = −ΘTux , (19)
Tux;r = Tux,r −ΘTux , (20)
Tur;u = − 12gxxgux,r Tux , (21)
Tuu;r = Tuu,r − gxxgux,r Tux . (22)
For a = x and a = u, respectively, we thus obtain the following two constraints
Tux,r +ΘTux = 0 , (23)
Tuu,r +ΘTuu = g
xx
[
Tux,x +
(
gux,r − 2Θ gux − 12gxxgxx,x
)
Tux
]
, (24)
while the constraint for a = r is identically satisfied.
Recall that such an energy-momentum tensor represents a generic (aligned) pure radiation
(null) gyratonic matter field. Of course, by setting Tux = 0 we recover the standard pure radiation
(null dust) without gyratons, and for Tuu = 0 = Tux vacuum Einstein’s equations are obtained.
Explicit integration of the Einstein field equations (13) in 2+1 dimensions with the matter
field (14) constrained by Eqs. (23) and (24) has to be done separately for the Robinson–Trautman
class (Θ 6= 0) and for the Kundt class (Θ = 0) of spacetimes. Such a step-by-step integration is
performed in Appendices B and C, respectively. In subsequent sections 3 and 4, we present the
summary of the results, together with their physical discussions.
2.4 Energy conditions
In the spacetime (8), a set of three vectors (k, l,m) given by Eq. (9) forms a pseudo-orthonormal
basis
E¯a(i) ≡ (E¯a(0), E¯a(1), E¯a(2)) = (k, l,m) , (25)
which satisfies
E¯a(i)E¯(j)a = η¯(i)(j) =

 0 −1 0−1 0 0
0 0 1

 , (26)
where η¯(i)(j) is the metric in the local Lorentz frame. The spacetime metric gab is then given by
gab = η¯(i)(j) E¯
(i)
a E¯
(j)
b = −kalb − lakb +mamb . (27)
From k and l, we construct unit timelike and spacelike vectors u and s such that
u ≡ 1√
2
(k+ l) = 1√
2
[
(1 + 12 guu) ∂r + ∂u
]
, (28)
s ≡ 1√
2
(k− l) = 1√
2
[
(1− 12 guu) ∂r − ∂u
]
, (29)
which satisfy u ·u = −1, s · s = 1, u · s = 0, and m ·u = m · s = 0. A set of three vectors (u, s,m)
forms an orthonormal basis in the spacetime (8):
Ea(i) ≡ (Ea(0), Ea(1), Ea(2)) = (u, s,m) . (30)
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These basis vectors satisfy
Ea(i)E(j)a = η(i)(j) =

 −1 0 00 1 0
0 0 1

 (31)
and the metric gab is given by
gab = η(i)(j)E
(i)
a E
(j)
b = −uaub + sasb +mamb . (32)
The components of the energy-momentum tensor Tab in the orthonormal frame (30) are given by
T (i)(j) = η(i)(k)η(j)(l)Ea(k)E
b
(l) Tab =

 σ + ν ν ζν −σ + ν ζ
ζ ζ −σ

 , (33)
where
σ = 0 , ν = 12 Tuu , ζ = − 1√2 mx Tux . (34)
The expression (33) with non-zero ζ is the 3-dimensional version of the type III energy-
momentum tensor in the Hawking–Ellis classification [28, 29], and reduces to a special case of
the type II if ζ ≡ 0 holds. The type III energy-momentum tensor violates the null energy condi-
tion and therefore the weak and dominant energy conditions as well [30].
In the case of ζ ≡ 0 (that is for Tux = 0), as shown in [30], the standard energy conditions are
equivalent to
• Null energy condition (NEC): ν ≥ 0 ,
• Weak energy condition (WEC): ν ≥ 0 and σ ≥ 0 ,
• Strong energy condition (SEC): ν ≥ 0 and σ ≤ 0 ,
• Dominant energy condition (DEC): ν ≥ 0 and σ ≥ 0 .
Thus, while gyratons (Tux 6= 0) violate NEC (and hence WEC and DEC as well), a pure radiation
(Tux ≡ 0) respects all the standard energy conditions if and only if Tuu ≥ 0.
3 All Robinson–Trautman solutions and their properties
The complete integration of Einstein’s field equations for a general 3-dimensional Robinson–
Trautman metric in vacuum, with a cosmological constant Λ, and possibly a pure radiation field
Tuu and gyratons Tux is performed in appendix B. Equations (B9) and (B8) show that the matter
field necessarily takes the form
Tuu =
N
r
− P (PJ ),x
r2
+
fP 2J
r3
, (35)
Tux =
J
r
, (36)
where N (u, x) and J (u, x) are functions determining the (density of) energy and angular mo-
mentum. Notice that Tuu → 0 and Tux → 0 as r →∞, i.e., asymptotically the solutions “become
vacuum”. Indeed, it can be shown that Rabcd → Λ (gac gbd − gad gbc) in the limit of r →∞ with
constant u and x, namely the spacetime is asymptotically maximally symmetric (Minkowski, dS,
or AdS), at least locally.
The corresponding generic metric can be written in the form (B17), that is
ds2 =
r2
P 2
dx2 + 2 (e r2 + f ) dudx− 2 dudr
+
(
− a+ 2[P (Pe),x + (lnP ),u] r + (Λ + P 2e2) r2)du2 . (37)
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The metric functions P (u, x), e(u, x), f(u, x) and a(u, x) are constrained just by two field equations
(B19) and (B22):
a,x = cf − 2f,u − 16πJ , (38)
a,u = ac+△c+ 2(Λ + P 2e2)P (Pf),x + 3P 2f(P 2e2),x
−2P 2f e,u − P 2e(4f,u − cf + 48πJ ) + 16πN , (39)
where △c ≡ P (Pc,x),x is the transverse-space Laplace operator applied on the function c, defined
by c ≡ 2[P (Pe),x + (lnP ),u]. (See Eqs. (B23) and (B13).)
Generically, by prescribing an arbitrary gyratonic function J (as well as any metric functions
P, e, f) we can always integrate (38) to obtain a(u, x). Subsequently, its partial derivative a,u
(and other given functions) uniquely determines the pure radiation energy profile N via the field
equation (39).
It is remarkable that in D = 3 the function f(u, x) in the metric (37) remains arbitrary and, in
general, non-vanishing. This is an entirely new feature which does not occur in dimensions D ≥ 4.
Indeed, it was demonstrated in [19–21] that for the Robinson–Trautman class of spacetimes in four
and any higher dimensions necessarily fi = 0 for all (D − 2) spatial components. In this sense,
the D = 3 case is richer than the D ≥ 4 cases.
3.1 Gauge freedom
The most general form of the Robinson–Trautman metric (37) can be simplified using the gauge
freedom. In the following, we consider the coordinate transformations (u, x)→ (u, x′) such that
x = x(u, x′). Then, we have
dx =
∂x
∂u
du+
∂x
∂x′
dx′ . (40)
Since this equation gives
dx =
∂x
∂u
du +
∂x
∂x′
(
∂x′
∂u
du+
∂x′
∂x
dx
)
=
(
∂x
∂u
+
∂x
∂x′
∂x′
∂u
)
du+
∂x
∂x′
∂x′
∂x
dx , (41)
we have the following relations:
∂x′
∂u
= −∂x
∂u
(
∂x
∂x′
)−1
,
∂x′
∂x
=
(
∂x
∂x′
)−1
, (42)
with which we obtain
∂
∂u
∣∣∣∣
(u,x)
=
(
∂
∂u
+
∂x′
∂u
∂
∂x′
)∣∣∣∣
(u,x′)
=
[
∂
∂u
− ∂x
∂u
(
∂x
∂x′
)−1
∂
∂x′
]∣∣∣∣
(u,x′)
, (43)
∂
∂x
∣∣∣∣
(u,x)
=
∂x′
∂x
∂
∂x′
∣∣∣∣
(u,x′)
=
(
∂x
∂x′
)−1
∂
∂x′
∣∣∣∣
(u,x′)
. (44)
Consequently, the Robinson–Trautman metric (37) is transformed to be
ds2 =
r2
P 2
(
∂x
∂x′
)2
dx′2 + 2
∂x
∂x′
(
r2
P 2
∂x
∂u
+ e r2 + f
)
dudx′ − 2 dudr
+
[
− a+ 2
[
P
(
∂x
∂x′
)−1
(Pe),x′ + (lnP ),u − ∂x
∂u
(
∂x
∂x′
)−1
(lnP ),x′
]
r
+(Λ + P 2e2) r2 +
r2
P 2
(
∂x
∂u
)2
+2 (e r2 + f )
∂x
∂u
]
du2 , (45)
where we have assumed ∂x
∂x′
6= 0. Indeed, there are two natural gauge choices for the Robinson–
Trautman metric (37):
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• Setting e = 0
The function e(u, x), introduced in the off-diagonal metric component gux = e r
2 + f , can
locally be removed4 by a gauge transformation x→ x′ such that
x = −∫P 2(u, x′) e(u, x′) du . (46)
(In the degenerate case when ∂x
∂x′
= 0, namely, if both P and e are independent of x, we
remove e by x = − ∫ P 2(u)e(u) du− λx′, where λ is a suitable real parameter [19].) Af-
ter this coordinate transformation and redefinitions such that P/ ∂x
∂x′
→ P , f ∂x
∂x′
→ f , and
a+ 2P 2ef → a, the metric (37) reduces to (without a prime on the new coordinate x′)
ds2 =
r2
P 2
dx2 + 2 f dudx− 2 dudr +
[
− a+ 2 (lnP ),u r + Λ r2
]
du2 , (47)
and the remaining two field equations (38), (39) are simplified considerably as
a,x = 2
[
f (lnP ),u − f,u
]− 16πJ , (48)
a,u = 2 a(lnP ),u + 2△(lnP ),u + 2ΛP (Pf),x + 16πN , (49)
where
△(lnP ),u ≡ P [P (lnP ),ux],x . (50)
Prescribing arbitrary functions P (u, x), f(u, x) and J (u, x), we can thus integrate equation
(48) to obtain a(u, x). The second equation (49) then determines the corresponding unique
form of the pure radiation profile N (u, x).
• Setting P = 1
Alternatively, it is possible to employ the gauge freedom to simplify the metric function P
to P = 1, at the expense of keeping the off-diagonal metric function e(u, x). This is achieved
by the transformation x→ x′ given by
x =
∫
P (u, x′) dx′ , (51)
and redefinitions P−1 ∂x
∂u
+ Pe→ e, Pf → f , and a− 2 ∂x
∂u
f → a. This leads to the metric
ds2 = r2 dx2 + 2 (e r2 + f ) dudx− 2 dudr +
[
− a+ 2 e,x r + (Λ + e2) r2
]
du2 , (52)
for which the field equations (38), (39) are
a,x = cf − 2f,u − 16πJ , (53)
a,u = ac+ c,xx + 2(Λ + e
2)f,x + 3f(e
2),x − 2f e,u − e(4f,u − cf + 48πJ ) + 16πN ,(54)
where c ≡ 2e,x. These equations look more complicated than Eqs. (48) and (49).
In any case, this is a very large family of explicit exact solutions to D = 3 Einstein’s gravity.
In particular, as a unique feature, it admits the non-trivial off-diagonal metric function f(u, x)
which gives an additional degree of freedom.
4But it may be convenient to retain the function e non-trivial because it may directly encode some physical
or geometrical property, e.g. the gyratonic aspect of the matter (or as in the Garc´ıa Dı´az–Pleban´ski 1981 gauge
form [31,32] of the D = 4 Robinson–Trautman metric, where it directly encodes amplitudes of gravitational waves).
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3.2 Special subcase f = 0
In this special subcase, the Robinson–Trautman metric (in the gauge e = 0 corresponding to
Eq. (47)) is further simplified to
ds2 =
r2
P 2
dx2 − 2 dudr +
[
− a+ 2 (lnP ),u r + Λ r2
]
du2 , (55)
with a(u, x) such that
a,x = −16πJ , (56)
a,u − 2 a(lnP ),u − 2△(lnP ),u = 16πN . (57)
Notice that these field equations are fully independent of the cosmological constant Λ. We are free
to prescribe arbitrary metric functions P (u, x) and a(u, x). The corresponding matter contents J
and N are then evaluated by Eqs. (56) and (57), respectively.
Interestingly, due to Eq. (56), the key metric function a(u) does not depend on the spatial
coordinate x if, and only if, J = 0, i.e., in the absence of gyratons. The remaining field equation
(57) couples the metric functions a and (lnP ),u to the matter profile N (u, x).
There also exists a special gyratonic solution given by P = 1. In such a case, the metric has a
very simple form
ds2 = r2 dx2 − 2 dudr + [− a+ Λ r2 ] du2 , (58)
where
a,x = −16πJ , a,u = 16πN . (59)
These two field equations are consistent if, and only if, N,x = −J,u. In fact, this solution can
be interpreted (replacing x by φ with a compact range) as a Vaidya-type object emitting a null
radiation gyratonic matter, i.e., a gyratonic generalization of the solution given by Eqs. (70) and
(71).
3.3 Arbitrarily moving object with pure radiation (J = 0)
It is interesting to observe that the Robinson–Trautman line element (55) with only pure null ra-
diation matter field Tuu = N r−1, where N (u, x) is given by expression (57), is an exact solution of
Einstein’s equations representing an arbitrarily moving object. It accelerates due to an anisotropic
emission of the null matter. In fact, it is the 3-dimensional version of the so-called Kinnerley
photon rocket moving in Minkowski, de Sitter, or anti–de Sitter universe [33–39].
To describe and physically interpret this family of spacetimes, it is better to introduce angular
coordinate φ ∈ [0, 2π) instead of x ∈ R (i.e., to compactify the transverse space to a circle S1).
Moreover, for convenience we relabel a(u) to −µ(u) in the metric (55),
ds2 =
r2
P 2
dφ2 − 2 dudr +
[
µ(u) + 2 (lnP ),u r + Λ r
2
]
du2 , (60)
and we take the key function P (u, φ) to be of the following special form
P (u, φ) = z˙0(u)− z˙1(u) cosφ− z˙2(u) sinφ , (61)
where z˙0(u), z˙1(u), z˙2(u) are arbitrary functions of the coordinate u that satisfy a normalization
condition (z˙0)2 − (z˙1)2 − (z˙2)2 = 1 and a dot denotes derivative with respect to u. Such a con-
straint is always satisfied if we employ a parametrization z˙0 ≡ √1 + v2, z˙1 ≡ v sinψ, z˙2 ≡ v cosψ,
that is
P (u, φ) =
√
1 + v2(u)− v(u) sinψ(u) cosφ− v(u) cosψ(u) sinφ . (62)
In fact, {z˙0(u), z˙1(u), z˙2(u)} are components of the 3-velocity u of an object whose mass is
proportional to the function µ(u), located at the (singular) origin r = 0 of the comoving coordi-
nates [38, 39]. This is illustrated in Fig. 1. The function v(u) in Eq. (62) thus denotes the speed
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Figure 1: The coordinate system (60) is adapted to an arbitrarily moving test particle in a space
with Minkowski coordinates Z0, Z1, Z2. At any event P of its worldline Zα = zα(u), with velocity
u, a future null cone is labeled by u and it is assigned the value of the corresponding proper time.
The coordinate r is an affine parameter along null geodesics which connect P with any event Q
on the cone. The position of Q on the circle u = const., r = const. is specified by the angular
coordinate φ. The moving particle is always located at r = 0.
of the object in two spatial directions, while the angle ψ(u) determines the actual direction of
the spatial velocity at an instant u. Since these three functions can be prescribed arbitrarily, the
metric (60) with the function (61) or (62) is an exact solution for the gravitational field of an
arbitrarily moving massive object.
Notice that, compared to the previously studied cases in D ≥ 4 [37–39], there is no Gaus-
sian/Ricci curvature term K in the component guu of the metric (60) because the 1-dimensional
transverse space spanned by φ is always flat and thus K = 0.
The single field equation (57) determines the corresponding N as
N (u, φ) = 116pi
[
− µ,u + 2µ (lnP ),u − 2△(lnP ),u
]
= 18pi
[
− 12µ,u +
(
µ− (P,φ)2
)
(lnP ),u − PP,uφφ + P,uP,φφ + P,uφP,φ
]
, (63)
where we have also employed the relation (50). Interestingly, for the specific function (62) the
term △(lnP ),u is just equal to −(lnP ),u, so that the null matter field is simply given by
N (u, φ) = 18pi
[
− 12µ,u + (µ+ 1)(lnP ),u
]
. (64)
Notice that the motion of the object with N > 0 is related to its decreasing mass function µ(u).
As an interesting special subcase, we get an explicit solution representing radial straight flight
of the photon rocket. It is obtained, e.g., by setting ψ(u) = pi2 , so that z˙
1(u) = v(u) and z˙2(u) = 0,
and hence P =
√
1 + v2(u)− v(u) cosφ. In fact, it is convenient to express the speed function as
v(u) = z˙1(u) = sinh
(∫
α(u) du
)
, (65)
where the function α(u) determines the instantaneous acceleration of the rocket. The key function
then reads
P = cosh
(∫
α du
)− sinh (∫α du) cosφ . (66)
Now we perform the transformation
sinϕ =
ǫ sinφ
P (u, φ)
, (67)
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where ǫ = ±1. Equations (66) and (67) imply
cosϕ = P−1[sinh
(∫
α du
)− cosh (∫α du) cosφ] , (68)
by using a remaining degree of freedom of transformation ϕ→ ϕ+π because the sign of ǫ in Eq. (67)
is arbitrary. Equations (66), (67), and (68) also imply interesting relations (lnP ),u = α(u) cosϕ,
ǫ cot(φ/2) = tan(ϕ/2) exp
(∫
α(u) du
)
, and dϕ+ α(u) sinϕdu = −ǫ dφ/P , so that finally the met-
ric (60) is put into the following form:
ds2 = r2
[
dϕ+ α(u) sinϕdu
]2 − 2 dudr + [µ(u) + 2 r α(u) cosϕ+ Λ r2 ] du2 . (69)
This is the D = 3 version of the classic Kinnersley metric [33,34] with a cosmological constant [37,
38] and Eq. (19.54) in [18]. Gravitational field generated by a photon rocket uniformly accelerating
in a single spatial direction is obtained by simply assuming α = const. in the metric (69).
3.4 Standing Vaidya-type object with pure radiation (J = 0)
As an important special subcase of the family of solutions given by Eqs. (60) and (61), we im-
mediately obtain an exact gravitational field of a non-moving object. Of course, this has a trivial
spatial velocity v = 0, equivalent to z˙1(u) = 0 = z˙2(u), and the corresponding metric function (62)
is simply P = 1. The metric (60) then reduces to
ds2 = r2 dφ2 − 2 dudr + [µ(u) + Λ r2 ]du2 , (70)
and it is circularly symmetric. The corresponding null matter field is given by
N (u) = − 116pi µ,u , (71)
and it is also independent of φ. In other words, the radiation from the source is isotropic and thus
causes no acceleration. The same result is obtain by setting α = 0 in the metric (69).
3.5 Vacuum solutions: Minkowski, de Sitter, anti–de Sitter (N = 0 = J )
It is well-known that in D = 3, all vacuum solutions are just maximally symmetric background
spacetimes of constant curvature, that is Minkowski, de Sitter, anti–de Sitter universe, according
to the sign of the cosmological constant Λ. In the context of the family of metrics (47)–(49), this
occurs if, and only if, N = 0 = J . In such a case we need to satisfy a single integrability condition
for the function a(x, u), namely
a,xu = a,ux . (72)
The left-hand side is obtained by taking the u-derivative of Eq. (48), while the right-hand side is
obtained from the x-derivative of Eq. (49), yielding the following constraint:
a (lnP ),ux = f (lnP ),uu − 2f [(lnP ),u]2 + 3f,u (lnP ),u − f,uu
−[△(lnP ),u],x − Λ [P (Pf),x],x . (73)
There are two distinct subcases to be considered:
• The case (lnP ),ux 6= 0 allows us to divide both parts of equation (73) by the term (lnP ),ux.
We thus obtain an explicit expression for the function a(u, x), uniquely determined by the
remaining free metric functions P (u, x) and f(u, x).
• The case (lnP ),ux = 0⇔ the function P is separable in the form P (u, x) = U(u)X(x). In
such a case, the function a(u, x) is given by equation (48), while the functions P (u, x) and
f(u, x) must satisfy the constraint (73) with vanishing left-hand side. Interestingly, such a
condition can be rewritten as[
U−1(U−1f),u
]
,u
= −Λ [X(Xf),x],x . (74)
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Assuming the function f is also separable, this equation can be explicitly solved by sep-
aration of variables u and x. Moreover, when Λ = 0, a general solution of Eq. (74) is
f(u, x) = U(u)
[
α(x)
∫
U(u) du+ β(x)
]
, where α(x) and β(x) are arbitrary functions.
The vacuum Robinson–Trautman metric is simplified for f = 0, i.e., for the J = 0 = N subcase
of the metric (55). In this case, the two metric functions a(u) and P (x, u) are related by the single
field equation (57), namely [△+ a](lnP ),u = 12a,u . (75)
Prescribing an arbitrary a(u), we obtain P (x, u) by solving this differential equation. Assuming
separability, P (u, x) = U(u)X(x), the only possibility is U =
√
a(u), and (by redefining x) the
corresponding metric takes the form
ds2 = (r2/a) dx2 − 2 dudr + [− a+ (ln a),u r + Λ r2 ] du2 . (76)
The transformation
R = r/
√
a(u) , U =
∫√
a(u) du , φ = x , (77)
puts it into the “Eddington form” of maximally symmetric spaces
ds2 = R2 dφ2 − 2 dUdR+ (− 1 + ΛR2 ) dU2 , (78)
which is actually the metric (70) with µ = −1. The following canonical form of Minkowski and
(anti-)de Sitter space
ds2 = R2 dφ2 + (1− ΛR2)−1 dR2 − (1− ΛR2) dT 2 , (79)
is obtained by expressing the null coordinate as U = T − ∫ (1− ΛR2)−1dR.
4 All Kundt solutions and their properties
In appendix C, we completely integrate Einstein’s field equations for a general 3-dimensional
Kundt line element in vacuum, with a cosmological constant Λ, and possibly a null radiation
matter field Tuu with a gyratonic component Tux. These matter components have a generic form
(C4) and (C5):
Tuu = N + P 2
[
J,x + J
(
f +
P,x
P
)]
r , (80)
Tux = J . (81)
The metric can be written in the form (C9) which, in general, contains five metric functions
P (u, x), e(u, x), f(u, x), a(u, x), and b(u, x). This large family of spacetimes splits into two
distinct subclasses, namely:
• The case f = 0 necessarily requires Λ = 0 and F = 0, so that such a general metric reads
ds2 =
1
P 2
dx2 + 2 e dudx− 2 dudr + (a+ b r) du2 , (82)
where a, b, e, and P remain arbitrary functions of u and x. This represents a class of exact
solutions of Einstein’s equations with a gyrating null matter characterized by the functions
J (u, x) = − 116pi b,x , (83)
N (u, x) = 18pi P 2
[
− 12
(
a,xx + a,x
P,x
P
)
− 12b
(
e,x +
P,x
P
e+
P,u
P 3
)
+e,ux +
P,x
P
e,u +
P,uu
P 3
− 2P
2
,u
P 4
]
+ 2P 2eJ . (84)
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(See Eqs. (C19) and (C20).) They explicitly relate the matter functions to the metric
functions of the gravitational field. While the gyratonic part J is directly determined by
b,x, the null matter energy profile N is given primarily by the spatial derivatives of a.
Whenever b(u) is independent of x, the gyrating component vanishes (J = 0) and the space-
times contains only pure radiation. When J = 0 = N , the metric (82) is a vacuum solution.
In fact, it represents Minkowski spacetime. For P = 1, e = b = 0, and a = 0, this is directly
the usual form of flat spacetime ds2 = dx2 − 2 dudr in the double-null coordinates (as well
as for any a linear in x).
• The case f 6= 0 is the most general form of the Kundt metrics with the matter content
studied here,
ds2 =
1
P 2
dx2 + 2 (e+ f r) dudx− 2 dudr +
[
a+ b r +
(
Λ + 14F
)
r2
]
du2 , (85)
where F ≡ P 2f2 satisfies Eq. (C11), namely
F,x + (F + 4Λ)f = 0 . (86)
Its general solution can be obtained by treating F (u, x) as an arbitrary generating function,
from which we obtain f = −F,x/(F + 4Λ) and P 2 = F/f2 = F (F + 4Λ)2/(F,x)2. Alterna-
tively, we prescribe any f(x, u), which generates F = −4Λ + g(u) exp[− ∫ f(x, u) dx] and
P 2 = F/f2.
In this case f 6= 0, the gyratonic matter field is characterized by Eqs. (C12) and (C21),
namely
J (u, x) = 116pi
[
f,u − b,x − 12 (F + 4Λ)e− f (lnP ),u
]
, (87)
N (u, x) = 18pi P 2
[
− 12a,xx + 12a,x
(
f − P,x
P
)
− 14a
(
f2 +
4Λ
P 2
)
− 12b
(
e,x +
P,x
P
e+
P,u
P 3
)
+fe
P,u
P
+ e,ux +
P,x
P
e,u + (Λ +
1
4P
2f2)e2 +
P,uu
P 3
− 2P
2
,u
P 4
]
+ 2P 2eJ . (88)
The function J can be prescribed arbitrarily by choosing, e.g., (the spatial derivative of)
any free function b(u, x), while the function N can be prescribed by the free function a(u, x).
Moreover, the general expressions (87) and (88) reduce to (83) and (84) when f = 0 (in
which case necessarily Λ = 0).
The metric (85) is a vacuum solution if, and only if, J = 0 = N . It is Minkowski, de Sitter,
or anti-de Sitter space, according to the sign of the cosmological constant Λ.
In fact, as already identified in subsection 6.2 of [22] for general Kundt geometries in an
arbitrary dimension, these are two distinct invariant subclasses defined by the property f = 0 and
f 6= 0 since the scalar
f ifi ≡ gijfifj = gxxfxfx = P 2f2 = F (89)
is gauge invariant. Moreover, this distinction is related to the (non)vanishing of the Ricci rotation
(NP) coefficient τ ≡ ka;bmalb. The null triad is given by Eq. (9), for which τ = 12Pf . Therefore,
for f 6= 0, we obtain τ 6= 0 which means that the privileged null congruence generated by k = ∂r
has its internal spatial rotation. This effect is absent if, and only if, f = 0. Such an invariant
classification is analogous to the division into the class of pp -waves and the class of Kundt waves
within the Kundt geometry in the standard D = 4. (See section 18.3 of [18].)
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4.1 Gauge freedom
Further simplification is achieved by employing the gauge freedom. As in section 3.1, we consider
the coordinate transformations (u, x)→ (u, x′) defined by x = x(u, x′). Then, the Kundt metric
(85) is transformed to
ds2 =
1
P 2
(
∂x
∂x′
)2
dx′2 + 2
∂x
∂x′
[
1
P 2
∂x
∂u
+ (e+ f r)
]
dudx′
−2 dudr +
[
a+ b r +
(
Λ + 14F
)
r2 +
1
P 2
(
∂x
∂u
)2
+2 (e+ f r)
∂x
∂u
]
du2 . (90)
Two natural possibilities are:
• Setting e = 0
The transformation (46), if we redefine the functions such that P/ ∂x
∂x′
→ P , ∂x
∂x′
f → f ,
a− P 2e2 → a, and b− 2P 2ef → b, locally removes the function e from the metric (85),
and then the resulting Kundt metric (without a prime on the new coordinate x′) is given by
ds2 =
1
P 2
dx2 + 2 fr dudx− 2 dudr +
[
a+ b r +
(
Λ + 14F
)
r2
]
du2 , (91)
with
J (u, x) = 116pi
[
f,u − b,x − f (lnP ),u
]
, (92)
N (u, x) = 18pi P 2
[
− 12a,xx + 12a,x
(
f − P,x
P
)
− 14a
(
f2 +
4Λ
P 2
)
− 12b
P,u
P 3
+
P,uu
P 3
− 2P
2
,u
P 4
]
. (93)
• Setting P = 1
Alternatively, the transformation (51) with redefinition of the functions e, f, a, b such that
P−1 ∂x
∂u
+ Pe→ e, Pf → f , a+ 1
P 2
( ∂x
∂u
)2 + 2e ∂x
∂u
→ a, and b+ 2f ∂x
∂u
→ b, puts the Kundt
metric (85) into the form with P = 1, namely
ds2 = dx2 + 2 (e+ f r) dudx− 2 dudr +
[
a+ b r +
(
Λ + 14f
2
)
r2
]
du2 , (94)
for which the field equations (87) and (88) are
J (u, x) = 116pi
[
f,u − b,x − 12 (f2 + 4Λ)e
]
, (95)
N (u, x) = 18pi
[
− 12a,xx + 12a,x f + 14 (e2 − a)(f2 + 4Λ)− 12b e,x + e,ux
]
+ 2eJ . (96)
4.2 Important subclasses
Finally, let us mention three important subclasses of the general Kundt metric:
• pp-waves
These are defined geometrically as admitting a covariantly constant null vector field k
(and thus are sometimes denoted as CCNV spacetimes). Here we have k = ∂r and, since
kα;β =
1
2gαβ,r, it follows that all the functions in the metric (85) must be independent of the
coordinate r. Therefore, it takes the Brinkmann form
ds2 =
1
P 2
dx2 + 2 e dudx− 2 dudr + a du2 , (97)
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which is Eq. (82) with b = 0, and necessarily Λ = 0. From Eq. (83) it immediately follows
that J = 0, i.e., there are no gyratonic pp-waves in Einstein’s theory in three dimensions.
Only the standard pure radiation is allowed. Using the gauge e = 0, corresponding to the
metric (91), this is given by the following single remaining field equation:
N (u, x) = 18pi
[
− 12 (P 2a,xx + PP,xa,x) +
P,uu
P
− 2P
2
,u
P 2
]
. (98)
• VSI spacetimes
VSI spacetimes are Lorentzian geometries with vanishing scalar curvature invariants of all
orders. A review and list of references can be found in [23]. It was found that all such
spacetimes belong to the Kundt class and can be written in 2+1 dimensions in the following
canonical form:
ds2 = dx2 + 2 (e+ f r) dxdu − 2 du dr + (a+ b r + c r2) du2 , (99)
where a, b, c, e, f are functions of u and x. This is a particular subcase of the metric (85) in
which
P = 1 , c ≡ Λ + 14F = Λ + 14f2 . (100)
Again, two subclasses can now be distinguished, namely the case f = 0 and the case f 6= 0.
(For more details, see [22, 40].) The special subclass of VSI spacetimes with f = 0 and
b = 0 = c represent pp-waves (97) with a trivial spatial metric part. In view of Eq. (98),
applying the gauge e = 0, it is a pure-radiation spacetime
ds2 = dx2 − 2 du dr + a(x, u) du2 (101)
with
N (u, x) = − 116pi a,xx . (102)
• CSI spacetimes
Moreover, in [41], Lorentzian manifolds in D = 3 were studied for which all polynomial scalar
invariants constructed from the Riemann tensor and its covariant derivatives are constant.
These CSI geometries are either locally homogeneous or locally Kundt. They thus also
belong to the metrics investigated in this contribution. Using our notation, the Kundt CSI
geometries of [41] correspond to the line element
ds2 = dx2 + 2 (e+ f r) dxdu − 2 du dr +
[
a+ b r +
(
σ + 14f
2
)
r2
]
du2 , (103)
with the metric function f(u, x) constrained by
f,x +
1
2f
2 = −s , (2σ − s)f = −2α , (104)
where α, σ, and s are constants. Comparing this geometric construction with the explicit
solution of Einstein’s equations (85) and (86), in the gauge (94), we identify σ = Λ and we
find s = 2Λ, that is α = 0. This brings us to the Segre types {3}, {(21)}, and {(1, 11)}
of [41].
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5 Summary and future prospects
In the present paper, we have obtained the general solution of the Einstein equations in 2+1
dimensions in the presence of a cosmological constant for a pure radiation (null dust) or gyratons
under a few weak assumptions. Our result is summarized as follows:
Theorem 5: If the spacetime admits a geodesic null vector field, the general local solution of the
3-dimensional Einstein equations with an aligned pure radiation or gyratons in the presence of a
cosmological constant consists of the Robinson–Trautman class (37) with the non-zero components
of the energy-momentum tensor (35) and (36) satisfying Eqs. (38) and (39), and the Kundt
class (85) with the non-zero components of the energy-momentum tensor (80) and (81) satisfying
Eqs. (87), (88), and (86). There are two invariantly distinct subclasses, namely f = 0 and f 6= 0.
As stated above, the general solution in three dimensions is divided into the Robinson–
Trautman class and the Kundt class. A characteristic feature of the Robinson–Trautman class is
the fact that the function f(u, x) can be non-zero, in spite that it has to be vanishing in four and
higher dimensions. This surprising fact shows a richer structure of the 3-dimensional solution than
its higher-dimensional counterparts. The spacetime with vanishing f would share the same causal
structure and physical interpretation with the higher-dimensional counterparts. Actually, in the
case of f = 0, we have constructed the 3-dimensional version of the Kinnersley photon rocket in
the absence of gyratons. We leave it for future investigations to clarify a physical interpretation
of the solution with non-vanishing f .
This new functional degree of freedom f(u, x) exists in the Kundt class as well. It would be
interesting to compare all these explicit Kundt-type solutions in Einstein’s theory with the analo-
gous Kundt solutions of topologically massive gravity (a 3-dimensional theory with a cosmological
constant, extending the Einstein gravity to contain higher derivative terms), as given in [24] and
summarized in Chapters 18 and 19 of [8]. Also, comparison to higher-dimensional Kundt space-
times in the Einstein theory in any dimension D ≥ 4, investigated in [22], could reveal specific
properties of these 2+1 spacetimes.
Our general solution could be used to provide answers to open problems in classical general
relativity in the framework of 2+1 dimensions. An example of such problems is the cosmic censor-
ship hypothesis [1, 2] in the presence of a negative cosmological constant. In order to answer this
fundamental question, we need to clarify whether the formation of a naked singularity is generic
or not within our solution which describes gravitational collapse of a pure radiation or gyratons
from regular initial data.
Another possible application of our solution is for canonical quantum gravity. As shown in
the ADM formalism of the Einstein equations, general relativity can be treated as a constrained
dynamical system. There are two possible ways of canonical quantization for such systems: the
Dirac quantization and the reduced phase-space quantization. (See [7] for a textbook of quantum
gravity in 2+1 dimensions.) In the latter approach, one first solves the classical constraint equa-
tions, namely the Hamiltonian constraint and momentum constraint. Then, we put the solutions
of these constraint equations back to the action, perform the spatial integration, and finally quan-
tize the system on the constraint surface. This is a natural way to quantize constrained dynamical
systems, however, it is an extremely difficult task to solve the classical constraint equations with
full generality.
In the present paper, we have succeeded to derive the general solution of the Einstein equations
thanks to the very convenient canonical coordinate system adopted. Such an appropriate coor-
dinate system could give us a hint to solve constraint equations and perform a complete reduced
phase-space quantization of 3-dimensional gravity. If this is possible in the presence of a negative
cosmological constant, in particular, the result would bring us a full description of the quantum
states of 3-dimensional black holes.
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A Connections and curvature components in canonical co-
ordinates
The Christoffel symbols for the general non-twisting spacetime (8) after applying the condition
(11) are
Γrrr = 0 , (A1)
Γrru = − 12guu,r + 12grxgux,r , (A2)
Γrrx = − 12gux,r +Θgux , (A3)
Γruu =
1
2
[− grrguu,r − guu,u + grx(2gux,u − guu,x)] , (A4)
Γrux =
1
2
[− grrgux,r − guu,x + grxgxx,u] , (A5)
Γrxx = −Θgrrgxx − gux||x + 12gxx,u , (A6)
Γurr = Γ
u
ru = Γ
u
rx = 0 , (A7)
Γuuu =
1
2guu,r , (A8)
Γuux =
1
2gux,r , (A9)
Γuxx = Θgxx , (A10)
Γxrr = 0 , (A11)
Γxru =
1
2g
xxgux,r , (A12)
Γxrx = Θ , (A13)
Γxuu =
1
2
[− grxguu,r + gxx(2gux,u − guu,x)] , (A14)
Γxux =
1
2
[− grxgux,r + gxxgxx,u] , (A15)
Γxxx = −Θgrxgxx + SΓxxx , (A16)
where SΓxxx ≡ 12gxxgxx,x is the Christoffel symbol with respect to the only spatial coordinate x,
i.e., coefficient of the covariant derivative on the transverse 1-dimensional space spanned by x.
The non-vanishing Riemann curvature tensor components are then
Rrxrx = −
(
Θ,r +Θ
2
)
gxx , (A17)
Rrxru = − 12gux,rr + 12Θgux,r , (A18)
Rruru = − 12guu,rr + 14gxx(gux,r)2 , (A19)
Rrxux =
1
2gux,r||x +
1
4 (gux,r)
2 − gxxΘ,u − 12Θ
(
gxx,u + gxxguu,r
)
, (A20)
Rruux = gu[u,x],r +
1
4g
rx(gux,r)
2 − 14gxxgxx,ugux,r
+Θ
(
gux,u − 12guu,x − 12guxguu,r
)
, (A21)
Ruxux = − 12 (guu)||xx + gux,u||x − 12gxx,uu + 14grr(gux,r)2
− 12guu,rexx + 12guu,xgux,r − 12grxgxx,ugux,r + 14gxx(gxx,u)2
− 12Θgxx
[
grrguu,r + guu,u − grx(2gux,u − guu,x)
]
. (A22)
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Finally, the components of the Ricci tensor are
Rrr = −
(
Θ,r +Θ
2
)
, (A23)
Rrx = − 12gux,rr + 12Θgux,r +
(
Θ,r +Θ
2
)
gux , (A24)
Rru = − 12guu,rr + 12grxgux,rr + 12gxx
(
gux,r||x + (gux,r)2
)
−Θ,u − 12Θ
(
gxxgxx,u + g
rxgux,r + guu,r
)
, (A25)
Rxx = −gxx grr
(
Θ,r +Θ
2
)
+ 2gxx
(
Θ,u − grxΘ,x
)
+ 2guxΘ,x − fxx
+Θ
[
2gux||x + 2gux,rgux + gxx
(
guu,r − 2grxgux,r
)− 2exx] , (A26)
Rux = − 12grrgux,rr − 12guu,rx + 12gux,ru − 12grx
[
gux,r||x + (gux,r)2
]
+gxx
(
1
2gux,rgux||x − 12exxgux,r
)
+ guxΘ,u
+Θ
[
guxguu,r − 12 (guugux,r − guu,x)− gux,u + 12grxgux,rgux + 12grxgxx,u
]
, (A27)
Ruu = − 12grrguu,rr − grxguu,rx − 12gxxexxguu,r + grxgux,ru − 12gxxgxx,uu
+gxx(gux,u||x − 12guu||xx) + 12 (grrgxx − grxgrx)(gux,r)2 + 12gxxgux,rguu,x + 14 (gxxgxx,u)2
+ 12Θ
[− grx(2gux,u − guu,x − guxguu,r) + guuguu,r − guu,u] , (A28)
and the Ricci scalar is
R = guu,rr − 2grxgux,rr − 2gxxgux,r||x − 32gxx(gux,r)2
+2Θ,r guu + 4Θ,u + 2Θ
2guu +Θ(2guu,r + 2g
rxgux,r + 2g
xxgxx,u) . (A29)
The symbol || denotes the covariant derivative with respect to gxx :
gux||x = gux,x − gux SΓxxx , (A30)
gux,r||x = gux,rx − gux,r SΓxxx , (A31)
gux,u||x = gux,ux − gux,u SΓxxx , (A32)
(guu)||xx = guu,xx − guu,x SΓxxx , (A33)
where exx and fxx are convenient shorthands defined as
exx ≡ gux||x − 12gxx,u , (A34)
fxx ≡ gux,r||x + 12 (gux,r)2 . (A35)
The expressions (A23)–(A28) of the Ricci tensor enable us to write explicitly the gravitational
field equations for any D = 3 Kundt or Robinson–Trautman spacetime.
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B Derivation of the Robinson–Trautman solutions
Here we explicitly perform a step-by-step integration of the Einstein field equations (13) with a
matter field given by Eqs. (23) and (24) in the case Θ 6= 0.
B.1 Integration of Rrr = 0
From Eq. (A23) we get the explicit form of this equation
Θ,r +Θ
2 = 0 , (B1)
which obviously determines the r-dependence of the expansion scalar Θ. Its general solution can be
written as Θ−1 = r+r0(u, x). However, the metric (8) is invariant under the gauge transformation
r → r − r0(u, x) and we can thus, without loss of generality, set the integration function r0(u, x)
to zero. The expansion simply becomes
Θ =
1
r
. (B2)
The integral form (12) of the condition (11) with the expansion given by Eq. (B2) completely
determines the r-dependence of the 1-dimensional spatial metric gxx(r, u, x), namely
gxx = r
2 hxx(u, x) . (B3)
It is convenient to introduce a function P (u, x) such that hxx(u, x) ≡ P−2(u, x), so that the metric
component (B3) takes the form of
gxx =
r2
P 2(u, x)
. (B4)
Of course, by inversion, hxx = P 2 and gxx = P 2 r−2.
B.2 Integration of Rrx = 0
Using Eqs. (A24) and (B1), which implies Eq. (B2), the Ricci tensor component Rrx becomes
Rrx = − 12
(
gux,rr − gux,r r−1
)
. (B5)
The field equation Rrx = 0 can thus be immediately integrated, yielding a general solution
gux = e(u, x) r
2 + f(u, x) , (B6)
where e and f are arbitrary integration functions of u and x. In view of Eqs. (7) and (B4), the
corresponding contravariant component of the Robinson–Trautman metric is
grx = P 2
[
e(u, x) + f(u, x) r−2
]
. (B7)
Already at this stage we can also fully integrate the energy-momentum conservation equations
(23) and (24) which determine the r-dependence of the gyratonic-type energy-momentum tensor:
Tux = J r−1 , (B8)
Tuu = N r−1 − P (PJ ),x r−2 + fP 2J r−3 , (B9)
where J (u, x) and N (u, x) are integration functions of u and x.
B.3 Integration of Rru = −2Λ
Using Eqs. (B6) and (B7), with Eqs. (B2) and (B4), the next Ricci tensor component (A25)
becomes
Rru = − 12
(
r guu,r
)
,r
r−1 + P 2
(
e||x − 12hxx,u
)
r−1 + 2P 2e2 . (B10)
Recall that
e||x ≡ e,x − 12gxxgxx,x e = e,x + (P,x/P ) e , (B11)
from which we obtain useful identities
P e||x = (Pe),x , e P 2 e||x = 12 (P
2e2),x , (B12)
and
c ≡ 2P 2(e||x − 12hxx,u) = 2[P (Pe),x + (lnP ),u] . (B13)
Using Eq. (B10), the corresponding Einstein equation Rru = −2Λ can be easily integrated to give
guu = −a− b ln |r| + c r + (Λ + P 2e2) r2 , (B14)
where a(u, x) and b(u, x) are arbitrary functions. The r-dependence of all metric components is
thus fully established.
B.4 Integration of Rxx = 2Λ gxx
Using Eqs. (B1), (B2), (B4), (B6) and (B7), the general Ricci tensor component (A26) becomes
Rxx = −2
(
e||x − 12hxx,u
)
r − 2 e2 r2 + r P−2 guu,r . (B15)
Substituting now the expression (B14), we obtain Rxx = 2Λ gxx − b P−2. The corresponding Ein-
stein equation Rxx = 2Λ gxx is thus satisfied if, and only if,
b = 0 . (B16)
At this stage, the most general Robinson–Trautman solution takes the form
ds2 =
r2
P 2
dx2 + 2 (e r2 + f ) dudx− 2 dudr
+
(
− a+ 2[P (Pe),x + (lnP ),u] r + (Λ + P 2e2) r2)du2 . (B17)
Interestingly, the metric function f(u, x) remains arbitrary and, in general, non-vanishing.
B.5 Integration of Rux = 2Λ gux + 8pi Tux
Using Eqs. (B2), (B4), (B6), (B7), and (B14) with Eq. (B16), the Ricci tensor component Rux
given by Eq. (A27) becomes
Rux = 2Λ gux +
[
− 12a,x − f,u + f P 2
(
e||x − 12hxx,u
)]
r−1 . (B18)
The field equation Rux = 2Λ gux + 8π Tux with the gyratonic component (B8) of the energy-
momentum tensor Tux = J r−1 thus reduces to a simple equation
a,x + 2f,u − c f = −16πJ . (B19)
Clearly, this establishes a unique relation between the gyratonic matter source, represented by
its angular momentum function J , and the metric functions. In particular, it can be used as an
equation determining the function a(u, x) in the metric (B17).
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B.6 Integration of Ruu = 2Λ guu + 8pi Tuu
This final equation determines the relation between the Robinson–Trautman geometry and the
pure radiation matter field represented by the profile N (u, x) in Eq. (B9). Using Eqs. (B2), (B4),
(B6), (B7), and (B14) with Eqs. (B16) and (B13), the Ricci tensor component Ruu given by
Eq. (A28) becomes
Ruu = 2Λ guu − 12fP 2
(
a,x + 2f,u − cf
)
r−3 + 12P
[
P (a,x + 2f,u − cf)
]
,x
r−2
+ 12
[
a,u − ac− P (Pc,x),x − 2(Λ + P 2e2)P (Pf),x − 3P 2f(P 2e2),x
+2P 2f e,u + P
2e
(
2cf − 2f,u − 3a,x
)]
r−1 , (B20)
where c is given by Eq. (B13). Applying the previous field equation (B19), the terms proportional
to r−3 and r−2 are simply re-expressed using the gyratonic matter function J . The field equation
Ruu = 2Λ guu + 8π Tuu with Tuu given by Eq. (B9) then takes the form
8π fP 2J r−3 − 8π P (PJ ),x r−2
+ 12
[
a,u − ac− P (Pc,x),x − 2(Λ + P 2e2)P (Pf),x
−3P 2f(P 2e2),x + 2P 2f e,u + P 2e
(
4f,u − cf + 48πJ
)]
r−1
= 8π fP 2J r−3 − 8π P (PJ ),x r−2 + 8πN r−1 . (B21)
Remarkably, the terms proportional to r−3 and r−2 on both sides of this equation are the same,
so that we obtain only one additional condition determined by the remaining terms proportional
to r−1, namely
a,u = ac+△c+ 2(Λ + P 2e2)P (Pf),x + 3P 2f(P 2e2),x
−2P 2f e,u − P 2e(4f,u − cf + 48πJ ) + 16πN , (B22)
where
△c ≡ hxx c||xx = P (Pc,x),x (B23)
is the covariant Laplace operator on the 1-dimensional transverse Riemannian space spanned by x,
applied on the function c.
C Derivation of the Kundt solutions
Finally, we explicitly integrate the Einstein equations (13) with the matter field given by Eqs. (23)
and (24) in the case Θ = 0.
C.1 Integration of Rrr = 0
In view of Eq. (A23), this equation is trivially satisfied, and the 1-dimensional spatial metric gxx
is r-independent:
gxx = hxx(u, x) ≡ P−2(u, x) . (C1)
Of course, gxx = hxx = P 2 holds.
C.2 Integration of Rrx = 0
The Ricci tensor component (A24) reduces to Rrx = − 12gux,rr. We thus obtain a general solution
gux = e(u, x) + f(u, x) r , (C2)
where e and f are arbitrary functions of u and x. In view of Eqs. (7) and (C1), the corresponding
contravariant component of the Kundt metric is
grx = P 2
[
e(u, x) + f(u, x) r
]
. (C3)
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The energy-momentum conservation equations (23) and (24) can now be integrated to give
Tux = J , (C4)
Tuu = P
2
(J||x + fJ ) r +N , (C5)
where J (u, x) and N (u, x) are any functions of u and x, and J||x ≡ J,x + (P,x/P )J .
C.3 Integration of Rru = −2Λ
Using Eqs. (C1) and (C2), the Ricci tensor component (A25) is Rru = − 12 guu,rr + 12P 2(f||x + f2),
where
f||x ≡ f,x + P,x
P
f ⇔ Pf||x ≡ (Pf),x . (C6)
The corresponding Einstein equation gives
guu = a(u, x) + b(u, x) r +
[
2Λ + 12P
2(f||x + f
2)
]
r2 , (C7)
where a(u, x) and b(u, x) are arbitrary functions.
C.4 Integration of Rxx = 2Λ gxx
For Θ = 0, using Eqs. (A35) and (C2), the Ricci tensor component (A26) reduces to Rxx = −fxx =
−(f||x + 12f2). The field equation Rxx = 2Λ gxx takes the form P 2(f||x + 12f2) = −2Λ, i.e., using
Eq. (C6),
P 2f,x + PP,x f +
1
2P
2f2 = −2Λ . (C8)
From this we can express f||x and substitute it into Eq. (C7), obtaining an explicit coefficient guu.
At this stage, the most general Kundt solution in D = 3 becomes
ds2 =
1
P 2
dx2 + 2 (e+ f r) dudx− 2 dudr +
[
a+ b r +
(
Λ + 14F
)
r2
]
du2 , (C9)
where
F ≡ P 2f2 . (C10)
The functions f and P are coupled by the field equation (C8), which can be integrated as follows:
• The case f = 0⇔ F = 0: Necessarily Λ = 0, while P 6= 0 remains arbitrary.
• The case f 6= 0⇔ F 6= 0: The field equation (C8) can be rewritten using Eq. (C10) as
F,x + (F + 4Λ)f = 0 . (C11)
Either we can treat F (u, x) as an arbitrary generating function, from which we obtain
f = −F,x/(F + 4Λ) and then P 2 = F/f2 = F (F + 4Λ)2/(F,x)2, or we prescribe any f(x, u)
and integrate Eq. (C11) to F = −4Λ + g(u) exp[− ∫ f(x, u) dx], where g(u) is an arbitrary
function of u, and then P 2 = F/f2. In both cases, the field equation (C8) is satisfied.
C.5 Integration of Rux = 2Λ gux + 8pi Tux
Using Eq. (A27) with Θ = 0 for the metric (C9), and applying the field equation (C8), we ob-
tain Rux =
1
2
(
f,u − f (lnP ),u − b,x + 12 (4Λ− F )e
)− 14(F,x + (F − 4Λ)f ) r. Using Eqs. (C2) and
(C4), the corresponding equation Rux = 2Λ gux + 8π Tux = 2Λ (e+ f r) + 8πJ splits into two
equations, namely the coefficients for the powers r1 and r0. The former equation is always satisfied
due to Eq. (C11), while the latter one is
J = 116pi
(
f,u − b,x − 12 (F + 4Λ)e− f (lnP ),u
)
. (C12)
It explicitly determines the gyratonic matter function J in terms of the metric functions repre-
senting the gravitational field.
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C.6 Integration of Ruu = 2Λ guu + 8pi Tuu
It remains to satisfy the last equation for the Ricci tensor component (A28). Setting Θ = 0 and
using the Kundt metric functions (C9) with Eq. (C11), we obtain
Ruu = A+ (Λ− 14F ) a+
(
B + 2Λ b
)
r + 2Λ
(
Λ + 14F
)
r2 , (C13)
where
A = P 2
[
− 12a,xx + 12a,x
(
f − P,x
P
)
− 12b
(
e,x +
P,x
P
e+
P,u
P 3
)
+
(
f,u − b,x − 14 (F + 4Λ) e
)
e+
(
e,ux +
P,x
P
e,u
)
+
P,uu
P 3
− 2P
2
,u
P 4
]
, (C14)
B = P 2
[
− 12b,xx + 12b,x
(
f − P,x
P
)
+
(
f,ux +
P,x
P
f,u
)
+
(
f,u − b,x
)
f − (Λ + 14F )(e,x + P,xP e+ P,uP 3
)]
. (C15)
Applying Eq. (C5) in the field equation Ruu = 2Λ guu+8π Tuu = 2Λ a+2Λ b r+2Λ
(
Λ+ 14F
)
r2 +
8π
[
P 2(J||x + fJ )r +N
]
, the quadratic term r2 vanishes identically, while the powers r1 and r0
yield the following two equations
B = 8πP 2
(J||x + fJ ) , (C16)
A− (Λ + 14F )a = 8πN . (C17)
Evaluating the gyratonic term on the right hand side of Eq. (C16) using Eqs. (C12) and (C11),
we obtain
8πP 2
(J||x + fJ ) = P 2[12f,ux − 12b,xx + (Λ + 14F )(ef − e,x)− 12f,xP,uP − 12f
(P,u
P
)
,x
+
(
1
2 (f,u − b,x)− (Λ + 14F )e− 12f
P,u
P
)(
f +
P,x
P
)]
. (C18)
Interestingly, a straightforward but somewhat lengthy calculation using Eq. (C18), Eq. (C11) and
its u-derivative, shows that the field equation (C16) is identically satisfied. It only remains to
satisfy the last equation (C17). We discuss two invariantly distinct subclasses separately:
• The case f = 0: We have already proved that this necessarily requires Λ = 0 and F = 0,
and the gyratonic matter (C12) is thus simply given by
J = − 116pi b,x , (C19)
while the remaining equation (C17) reduces to
N = 18pi P 2
[
− 12
(
a,xx + a,x
P,x
P
)
− 12b
(
e,x +
P,x
P
e+
P,u
P 3
)
+e,ux +
P,x
P
e,u +
P,uu
P 3
− 2P
2
,u
P 4
]
+ 2P 2eJ . (C20)
It explicitly gives the pure radiation profile function N in terms of the metric functions of
the gravitational field. While J is given just by b,x, the matter function N is given primarily
by the spatial derivatives of a.
• The case f 6= 0: The gyratonic matter Tux = J is given by Eq. (C12), and the equation
(C17) determines the pure radiation component Tuu given by Eq. (C5). The corresponding
profile function N is obtained from Eq. (C17) using Eqs. (C14) and (C12) as
N = 18pi P 2
[
− 12a,xx + 12a,x
(
f − P,x
P
)
− 14a
(
f2 +
4Λ
P 2
)
− 12 b
(
e,x +
P,x
P
e+
P,u
P 3
)
+fe
P,u
P
+ e,ux +
P,x
P
e,u + (Λ +
1
4P
2f2)e2 +
P,uu
P 3
− 2P
2
,u
P 4
]
+ 2P 2eJ . (C21)
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Such pure radiation can be prescribed arbitrarily by choosing any free function a(u, x).
Clearly, the expression (C21) reduces to Eq. (C20) when f = 0, implying Λ = 0.
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